Abstract The heat transfer in unsteady boundary layer stagnation-point flow over a shrinking/ stretching sheet is investigated. The surface temperature of the sheet is taken time dependent. The governing equations are transformed into self-similar ordinary differential equations by adopting similarity transformations and then the converted equations are solved numerically by shooting method. The study reveals that in addition to the velocity field, for the temperature distribution the dual solutions exist for some values of velocity ratio parameter. The heat transfer rate enhances due to the unsteadiness of the flow. The temperature for first solution decreases with unsteadiness parameter, and for second solution the temperature initially decreases, but it increases at large distance from the sheet. Moreover, for dual solutions as well as unique solution cases, the heat transfer rate increases with the Prandtl number in presence of unsteadiness.
Introduction
The heat transfer in the flow due to a stretching sheet is very important in practical point of view. This type of flow is frequently appears in many industrial and engineering processes and in those cases, the qualities of the final products depend to a great extent on the rate of cooling. So, to get better product the heat transfer should be controlled. The pioneering work in this area was made by Crane [1] , he investigated steady boundary layer flow over a linearly stretching plate. The heat and mass transfer on a stretching sheet with suction or blowing was studied by Gupta and Gupta [2] . Dutta et al. [3] analyzed the temperature distribution in the flow over a stretching sheet with uniform heat flux. Crane's work was also extended by many researchers [4] [5] [6] [7] [8] [9] considering the various physical conditions in Newtonian as well as non-Newtonian fluids. On the other hand, Chiam [10] investigated the stagnation-point flow towards a stretching sheet and found no boundary layer structure near the sheet. Mahapatra and Gupta [11] reinvestigated the same stagnation-point flow towards a stretching sheet and found two kinds of boundary layer near the sheet depending on the ratio of the stretching and straining rates. The stagnation-point flow over stretching sheet was further investigated by Mahapatra and Gupta [12] , Nazar et al. [13] , Layek et al. [14] , Hayat et al. [15] and Zhu et al. [16, 17] , where they explore some important properties.
Different from forward stretching flow, the flow induced by to a shrinking sheet was first observed by Wang [18] . This shrinking flow is essentially a backward flow as discussed by Goldstein [19] . After few years, Miklavcˇicˇand Wang [20] established the existence and uniqueness of the similarity solution of the equation for the steady flow due to a shrinking sheet and they also reported that an adequate suction is necessary to maintain the steady flow. If the physical background of the flow is examined then it can be observed that the vorticity generated due to the shrinking of sheet is not confined within the boundary layer, and the steady flow exists only when adequate suction on the boundary is imposed. Later on, Hayat et al. [21, 22] obtained analytic solutions of magnetohydrodynamic (MHD) rotating and non-rotating flows of a second grade fluid over a shrinking sheet using homotopy analysis method (HAM). Fang [23] reported an analytic solution of the boundary layer flow over a shrinking sheet with a powerlaw surface velocity and wall mass transfer. Also, Fang and Zhang [24] found a closed-form analytic solution for twodimensional MHD flow over a porous shrinking sheet subjected to wall mass transfer. Further, Fang and his co-authors [25] [26] [27] [28] [29] discussed some other important aspects of shrinking flow. Bhattacharyya [30] studied the flow over an exponentially shrinking sheet. Recently, an analytic solution of steady twodimensional MHD rotating flow of a second grade over a porous shrinking surface was reported by Faraz and Khan [31] using homotopy perturbation method. Yacob and Ishak [32] and Bhattacharyya et al. [33] discussed the micropolar fluid flow over a shrinking sheet with out and with thermal radiation, respectively.
On the other hand, Wang [34] first investigated the stagnation-point flow towards a shrinking sheet for both two-dimensional and axisymmetric cases. Ishak et al. [35] studied the steady boundary layer stagnation-point flow of a micropolar fluid over a shrinking sheet. Bhattacharyya and Layek [36] analyzed the effects of suction/blowing on the boundary layer stagnation-point flow and heat transfer towards a shrinking sheet in presence of thermal radiation. Some other important characteristics of stagnation-point flow past a shrinking sheet can be found in the articles [37] [38] [39] [40] [41] [42] [43] .
Every study mentioned above is of steady state condition. But in certain circumstances, the flow becomes time dependent and consequently, it is necessary to consider the unsteadiness of the flow. The unsteady flow due to shrinking sheet was studied by Fang et al. [44] and they numerically obtained the solution of the Navier-Stokes equations. The unsteady boundary layer flow on a shrinking sheet in an electrically conducting fluid under the effect of transverse magnetic field of constant strength was considered by Merkin and Kumaran [45] . The unsteady three dimensional viscous flow over a continuously permeable shrinking surface was demonstrated by Bachok et al. [46] . Bhattacharyya [47] considered the effects of radiation and heat source/sink on unsteady MHD boundary layer flow and heat transfer over a shrinking sheet with suction/injection. Fan et al. [48] investigated the unsteady stagnation flow and heat transfer towards a shrinking sheet using HAM and Bhattacharyya [49] discussed the unsteady boundary layer stagnation-point flow over a shrinking sheet using numerical method. The unsteady boundary layer flow of a nanofluid over a permeable stretching/shrinking sheet is studied by Bachok et al. [50] .
In the present paper, an analytical as well as numerical investigation is performed to obtain the dual solutions for heat transfer in unsteady boundary layer stagnation-point flow towards a shrinking/stretching sheet. Here, time dependent temperature distribution along the sheet is taken into consideration. The center of attention of this investigation is to find out the effects of unsteadiness on the dual solutions of temperature distribution when the surface temperature is only time dependent. The transformed self-similar equations are solved numerically and all the characteristics of heat transfer are discussed in detail.
Problem formulation
Consider the two-dimensional unsteady boundary layer stagnation-point flow of a viscous incompressible fluid and heat transfer towards a sheet shrunk/stretched in its own plane with velocity U w (x, t). The governing equations of motion and the energy equation may be written in usual notation as: 
where u and are velocity components in x and y directions respectively, t is the time, (t = l/q) is the kinematic fluid viscosity, q is the fluid density, l is the coefficient of fluid viscosity, p is the pressure, T is the temperature, j is the thermal conductivity of the fluid and c p is the specific heat.
In the free stream, u = U 1 (x, t) and one can write from (2)
where U 1 (x, t) is stagnation flow velocity in free stream. Then the momentum Eq. (2) reduces to [51] 
The
The wall shrinking/stretching velocity and the stagnation flow velocity are of the forms:
where c is the shrinking/stretching constant with c < 0 for shrinking and c > 0 for stretching, a(>0) is the straining constant and a(>0) is a constant and are all with dimension (Time)
À1
. The temperature of the sheet T w is taken only time dependent in the form:
where T 1 is the free stream temperature assumed to be constant and T 0 is a constant which measures the rate of temperature increase along the sheet.
Similarity analysis and method of solution
The following similarity transformations are introduced:
where w is the stream function defined in the usual notation as u = @w/@y and = À@w/@x and g is the similarity variable. In view of (7), Eq. (1) satisfies automatically and Eqs. (4) and (3) reduce to the following self-similar equations:
and h 00 þ Pr fh
where A = a/a is the unsteadiness parameter and Pr = lc p /j is the Prandtl number. The boundary conditions (5) and (6) also transform to
and
where e = c/a is the velocity ratio parameter. The above Eqs. (8) and (9) along with the boundary conditions is solved using shooting method, by converting them into initial value problem (IVP). In this method, it is necessary to choose a suitable finite value of g fi 1, say g 1 . The following system is set:
with the boundary conditions fð0Þ ¼ 0; rð0Þ ¼ e; hð0Þ ¼ 1:
In order to integrate (12) and (13) with (14) as IVP the values for q(0) i.e. f 00 (0), z(0) i.e. h 0 (0) are required but no such values are given. The initial guess values for f 00 (0) and h 0 (0) are chosen and using Runge-Kutta method the numerical integration is carried out. The calculated values of f 0 (g) and h(g) at g 1 (=10) are compared with the given boundary conditions f 0 (g 1 ) = 1 and h(g 1 ) = 0 and then the estimated values f 00 (0) and h 0 (0) are adjusted using ''secant method'' to find better approximation for the solution. The step-size is taken as Dg = 0.01. The process is repeated until the results are correct up to the desired accuracy of 10 À5 level.
Results and discussion
The steady stagnation-point flow over shrinking sheet had been discussed by Wang [34] and the unsteady case by Bhattacharyya [49] . This investigation focuses on the heat transfer analysis in unsteady stagnation-point flow with time dependent surface temperature.
The study shows that due to increase in unsteadiness the range of e, where the similarity solution exists, becomes larger. The details of increase in ranges of e of existence, uniqueness and non-existence of similarity solution are given in Table 1 . The values of skin friction coefficient f 00 (0) with e for several values of A is plotted in Fig. 1 and the values of heat transfer coefficient (negative temperature gradient at the sheet) Àh 0 (0) with e for several values of A and Pr are presented in Fig. 2 and Fig. 3 respectively. The results imply that the unsteadiness of the flow controls the generated vorticity due to the shrinking velocity and it delays the boundary layer separation, consequently the existence range of e for similarity solution increases. Also, from the figures (Figs. 1-3) , it is clearly observed that in addition to dual velocity profiles, dual temperature profiles also exist for steady as well as unsteady flows. The value of heat transfer coefficient Àh 0 (0) increases with A for both solutions. So, the heat transfer rate is increased with the unsteadiness of flow and consequently the rate of cooling of the sheet enhances. Also, in presence of unsteadiness the increase in Prandtl number Pr causes an increase in heat transfer coefficient (Fig. 3) for both solutions.
The dimensionless temperature profiles h(g) for various values of velocity ratio parameter e, unsteadiness parameter A and Prandtl number Pr are presented in Figs. 4-6 , respectively. Similar to velocity distribution [49] , for temperature, the thermal boundary layer thickness for second solution is thicker than that for first solution. The temperature at a point increases with increasing magnitude of e for first solution and for second solution it decreases. While for enhancement in unsteadiness parameter A, though the temperature for first solution decreases, for second solution the temperature profiles show quite different behaviors: the temperature initially decreases with A, but for large g it increases with A. This is caused only due to unsteadiness of the flow. In presence of unsteadiness the temperature profiles exhibit more interesting nature when the Prandtl number varies. Due to higher values of Pr the temperature profile shows different character in different ranges of g. First for small g, the dimensionless temperature h(g) decreases with Pr, then after that it increases with Pr and finally for large g it again decreases with increase of Pr.
Figs. 7 and 8 depict the effects of unsteadiness parameter and the Prandtl number on the temperature gradient. For A = 0, the temperature gradient profile (both) h 0 (g) initially decreases, after that it starts increasing and goes to zero level. When unsteadiness is imposed i.e. for A > 0, the nature changes; the temperature gradient initially increases, then decreases and ultimately it again increases to reach the zero level. This character of the temperature gradient profiles becomes more prominent (Fig. 8) when the Prandtl number Pr increases.
Conclusions
The heat transfer in unsteady boundary layer stagnation-point flow over a shrinking/stretching sheet is studied taking time dependent surface temperature. The transformed self-similar equations are solved by shooting method. Dual solutions for the heat transfer in unsteady flow are obtained in certain conditions. For increase of unsteadiness parameter the heat transfer rate enhances in both cases. Also, due to increasing unsteadiness the temperature for first solution decreases and for second solution the temperature initially decreases and then increases. Due to increase of Prandtl number, for both solutions, the thermal boundary layer thickness decreases, but the rate of heat transfer increases. 
